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I. Nomenclature
Bν,j Blackbody function for at νj , erg-cm−2/sr
c Speed of light, 2.9979×1010 cm/s
h Planck’s constant, 6.6256×10−27 erg-s
j˜i Emission coefficient for opacity bin i, W/cm3-sr
Ji Emission term for opacity bin i, W/sr
Ki Absorption cross section, including induced emission, for bin i, cm2
k Boltzmann constant, 1.3806×10−16 erg/K
NMolecule Total number density for the molecule of interest, particles/cm3
Nbands Number of frequency bands
Nbins Number of opacity bins for each frequency band
Nfreq,bands Number of frequency points included in each frequency band
Nfreq,bins Number of frequency points included in each opacity bin
qhν Frequency-dependent radiative flux, W/cm2-eV
q˜k,i Radiative flux from frequency band k and opacity bin i, W/cm2
Tx Temperature, where x=e,v, or r for electronic, vibrational, or rotational modes, K
κ˜i Absorption coefficient, including induced emission, for bin i, cm−1
ν Frequency, s−1
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φ Non-Boltzmann number density ratio defined in text
σν,j Absorption cross section including induced emission for frequency point j, cm2
II. Introduction
For accurate predictions of shock layer radiative heating to reentry vehicles, the smeared ro-
tational band (SRB) model [1, 2] is appropriate for molecular band systems with negligible self
absorption, meaning they are optically-thin. However, for band systems with noticeable self ab-
sorption, the orders-of-magnitude more computationally expensive line-by-line (LBL) approach is
required [3]. Considering past and proposed NASA missions, the molecular band systems most likely
to require the LBL approach are the CO 4th-Positive, CN Violet, and CO2 IR bands. The CO 4th-
Positive and CN Violet bands are required for Mars entry at velocities greater than 6 km/s [4], with
the CN Violet band also required for Titan entry [3]. These two bands typically emit strongly in flow
regimes with non-Boltzmann upper electronic state populations. The CO2 IR band is required for
Mars entry at velocities below 5 km/s [5, 6]. This ro-vibrational band system is typically assumed
to contain Boltzmann populations of radiating levels (the quality of this assumption is the subject
of other studies [7]).
The LBL requirement for modeling the CO 4th-Positive and CN Violet bands is restrictive
because the non-Boltzmann computation of electronic states, which impacts the emission and ab-
sorption of these bands, depends on nonlocal escape factors [8]. These nonlocal escape factors require
multiple iterative radiative transport evaluations for a single line-of-sight, therefore, multiplying the
computational cost by the number of iterations required (usually around 5), which becomes exces-
sively high for the LBL approach. For the CO2 IR band, the LBL requirement is restrictive because
this band system is the dominant radiator in the afterbody region of Mars entry vehicles [5]. Ra-
diative flux computations in these afterbody regions require the ray-tracing approach [9], which
involves more than 500 line-of-sight radiative transport evaluations to compute the radiative flux
to a single surface point, compared to the single evaluation required for the tangent-slab approach
commonly applied to forebody surface points.
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The preceding paragraphs motivate the development of an orders-of-magnitude more efficient
alternative to the LBL approach for the three molecular band systems identified. Such an alternative
approach would also need to meet the three following requirements. For application to NASA
flight programs, the approach should reproduce the LBL radiative flux prediction to within 2% for
conditions where the band system provides a noticeable contribution to the total radiative flux.
Furthermore, the approach must be applicable to non-Boltzmann electronic state populations to
accommodate the CO 4th-Positive and CN Violet bands. Finally, the approach must be embeddable
within a radiation computation that also contains a line-by-line model for atomic lines, detailed
photoionization cross sections, as well as an SRB model for other optically-thin molecular band
systems.
The multiband opacity binning (MBOB) approach, developed by Wray et al. [10] and Scoggins
et al. [11] meets the above requirements, although it has been previously applied only for Boltzmann
conditions. The purpose of this Note is therefore to extend the MBOB approach, which is reviewed in
Section III, to non-Boltzmann conditions. This extension to non-Boltzmann conditions is presented
in Section IV. The accuracy of the developed non-Boltzmann MBOB approach is then demonstrated
in Section V for the CO 4th-Positive, CN Violet, and CO2 IR band systems. This Note shows that
the MBOB approach consistently produces radiative heating values within 2% of the LBL approach
with two orders-of-magnitude less computational time.
III. Opacity Binning for Boltzmann Molecular Band Systems
The opacity binning approach presented by Wray et al. [10] divides the spectrum into a relatively
small (10 - 100) number of bins depending on their absorption coefficient (or opacity). Scoggins et
al. [11] extended this approach by dividing the spectrum into frequency bands, and then defining a
separate bin model within each band. This approach by Scoggins et al. is the multiband opacity
binning (MBOB) approach pursued in this work. The primary benefit of the MBOB approach is
that it reduces the ≈500,000 spectral points required by the LBL approach to the equivalent expense
of roughy 2,000 spectral points (equal to the number of bins times the number of frequency bands).
This reduction is performed once and saved in tables as a function of Tve, Ttr, and pressure. These
3
tables are then interpolated within the radiation code to the properties along a line-of-sight. The
reduction in the number of spectral points reduces proportionally the number of radiative transport
evaluations performed by the radiation code, which reduces the computational time by roughly two
orders of magnitude.
The first step in developing an MBOB model for a given molecular band system is to obtain
the LBL absorption coefficient spectrum for a range of Tve, Ttr, and pressure, assuming Boltzmann
distributions. The total frequency range of this spectrum is then divided into the desired number of
frequency bands (Nbands). A given frequency band k is defined by all frequency points νj (from the
full LBL computation) that are located within the minimum and maximum frequency limits νmin,k
and νmax,k. Next, each frequency point j in frequency band k is assigned to a bin i depending on its
absorption cross section σν,j , as described in the next paragraph. This bin assignment is performed
for a single reference condition, and then fixed for the later computation of bin properties over a
range of temperatures and pressures. For the present study, the reference pressure was set to 0.1 atm
and the reference temperature (Tve = Ttr) was set to 8,000 K for CO 4th-Positive and CN Violet
and 3,000 K for CO2 IR. These conditions were chosen to approximately match typical shock layer
conditions. However, the accuracy of the MBOB approach was found to be relatively insensitive to
the applied reference condition.
Following Scoggins et al. [11], frequency points are assigned to bins by forcing an equal number
of frequency points into each bin (Nfreq,bin). This is in contrast to previous approaches, which
predefined σν,j intervals and then assigned frequency points to each bin, which may lead to many
unfilled bins. To assign each frequency point from the LBL computation to a bin, the reference
condition values of σν,j are sorted in ascending order for each frequency band k. The sorted σν,j
space is then separated equally into the desired number of bins (Nbins), therefore, assigning an
equal number of frequency points into each bin. Figure 1 presents an example of bins defined for a
frequency band with hνmin,k and hνmax,k of 6.9 and 7.3 eV, respectively (for clarity, only 10 bins
are used in this example, whereas 50 are used for the final model). Each symbol is a frequency point
j from the LBL computation. This figure shows that because bin limits were chosen indirectly by
enforcing an equal number of frequency points in each bin, the range of σν,j values for each bin
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varies.
Once each νj is assigned to the kth band (pband(j) = k) and ith bin (pbin(j) = i), then the
emission term (equal to the emission coefficient divided by the molecule’s number density) for each
bin is computed assuming Boltzmann emission and summing over all νj in the bin:
Ji =
∑
j∈Gi
σν,jBν,j∆νj (1)
where the Planck function is defined as:
Bν,j =
2hνj
3
c2(e
hνj
kTve − 1)
(2)
The absorption cross section is obtained from Ji and Bν,j as follows:
Ki =
Ji∑
j∈Gi Bν,j∆νj
(3)
For a Boltzmann population of electronic states, the emission and absorption coefficients for each
bin i are written as:
j˜i = JiNMolecule (4)
and
κ˜i = KiNMolecule (5)
where NMolecule is the total number density for the molecule of interest. These equations will
be extended to non-Boltzmann conditions in the next section. The radiative transfer equations are
evaluated for each bin, using j˜i and κ˜i, identically to the frequency points for the LBL approach. The
only difference is that the frequency integrated radiative intensity or flux is obtained by summing
over all bins and bands, instead of numerically integrating over frequency.
The advantage of the MBOB approach is that there are only Nbands ×Nbins values for Ji and
Ki required to model the spectrum of the given molecular band system for a given Tve, Ttr, and
pressure. The present work applies values of Nbands =30 and Nbins =50, resulting in 1,500 values
for each Ji and Ki, which is significantly less than the 500,000 required for the LBL approach. For
the present work, tables were compiled for 100 K increments in Tve ranging from 3,000 to 12,000
K for CO 4th-Positive and CN Violet and 300 to 6,000 K for CO2 IR. This relatively small ∆Tve
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is required because of the exponential Tve dependence in Eq. 2. However, the Ttr dependence is
relatively weak, limited mostly to its impact on line broadening, which allows ∆Ttr values of 3,000 K
to be used. Furthermore, the Ttr values are computed as ∆Tve increments away from Tve, which
assures that Tve = Ttr values, which are present throughout the majority of the shock layer, are
accurately captured. The shock layer pressures of present interest are below 1 atm, which results in
negligible pressure broadening for CO 4th-Positive and CN Violet bands. This observation allows
the pressure dimension to be removed when compiling the Ji and Ki tables. For CO2 IR, however,
pressure broadening is noticeable for the present range of conditions. This is because CO2 IR is
located at much lower values of ν, which results in the ν−2 dependence of pressure broadening
to reach the same order-of-magnitude as doppler broadening, which has a ν−1 dependence. The
pressure dependence for CO2 IR is captured with only 2 pressures, at 0.1 and 1.0 atm.
IV. Extending Opacity Binning for Non-Boltzmann Electronic States
The Ji and Ki values derived in the previous section assume that the LBL values for σν,j
are computed assuming a Boltzmann distribution of electronic, vibrational, and rotational states
for a single molecular band system. The present section allows j˜i and κ˜i to be computed for
non-Boltzmann electronic states using the previously compiled Ji and Ki values. This approach
maintains Boltzmann vibrational levels at Tve and rotational levels at Ttr.
To assess the non-Boltzmann computation, it is convenient to define the following term:
φ =
NU
NL
NBoltzL
NBoltzU
(6)
whereNU andNL are the upper and lower electronic state populations of the molecular band system,
respectively, and the “Boltz” superscript represents their values assuming a Boltzmann distribution.
Hence, for Boltzmann electronic state populations of NU and NL, the resulting φ is equal to unity.
For the post-shock flows of present interest, NU is lower than NBoltzU , and NL is approximately
equal to NBoltzL , which results in φ less than unity. From Eqs. (4) and (6), the emission coefficient
for bin i may be written for non-Boltzmann electronic state populations as:
j˜i = Jiφ
NL
NBoltzL
NMolecule (7)
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Similarly, the absorption coefficient for bin i is written as:
κ˜i = Ki
1− φe−hν˜kkTe
1− e−hν˜kkTe
NL
NBoltzL
NMolecule (8)
Note that the ν˜k values in this equation are the midpoint value for the frequency band k, which is
a required approximation because of the use of spectral bins and bands. This dependence indicates
an advantage of treating many frequency bands, which reduces the range of νj values in each bin,
which makes ν˜k closer to the exact value.
While the focus of this study is to demonstrate the accuracy of the MBOB approach for an
isolated non-Boltzmann molecular band systems, it should be noted that this approach can be em-
bedded within a radiation code that treats a conventional spectrum. This conventional spectrum
may include detailed photoionization cross sections, line-by-line treatment of atomic lines, and SRB
models for optically thin molecular band systems. The hybrid approach is achieved by evaluating
the radiative transport equations once using the MBOB values for κ˜i and once using the conven-
tional spectrum. These two evaluations are coupled by adding the absorption coefficient from the
conventional spectrum, averaged over each frequency band k, to the MBOB values for κ˜i (for all
bins). Similarly, the absorption coefficient for the conventional spectrum is altered by adding
∑
i κ˜i
as a constant over each frequency band. These changes to the conventional and MBOB absorption
coefficients are performed prior to the radiative transport evaluations. The resulting radiative flux
values from each evaluation are combined to provide the total radiative flux.
V. Results and Comparisons
This section compares the results of the MBOB approach with the LBL approach for the CO
4th-Positive, CN Violet, and CO2 IR band systems. Mars entry conditions are considered for the
CO 4th-Positive and CO2 IR band comparisons, while Titan entry is considered for the CN Violet
comparisons (CN Violet is present in the Mars simulations, however, its Titan contribution contains
more self absorption, and is therefore a more challenging test for the MBOB approach). The
flowfield simulations are performed using the LAURA v5 Navier-Stokes solver [12]. For Mars entry,
a two-temperature thermochemical nonequilibrium model with 16 species (CO2, CO, N2, O2, NO,
C, N, O, CN, C2, C+, O+, NO+, O+2 , CO
+, and e−) is applied, using the kinetic rates presented
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by Johnston and Brandis [13]. For Titan entry, a two-temperature thermochemical nonequilibrium
model with 18 species (CH4, CH3, CH2, CH, NH, H, H2, N2, N+2 , C, N, CN, C2, N
+, C+, H+,
Ar, and e−) is applied, using the the kinetic rates presented by Gocken [14]. The non-Boltzmann
rates presented by Johnston and Brandis are applied for both CO 4th-Positive and CN Violet.
For simplicity, all simulations are performed for an axisymmetric hemisphere, with 32 grid points
along the surface and 128 shock clustered points in the body normal direction. Also for simplicity,
coupled radiation is not included and the tangent-slab approach is applied to compute the radiative
flux. These simplifications should not impact the relative comparison between the MBOB and LBL
approaches, which is the focus of this work. Note that for all cases presented in this Section, the
MBOB approach is two orders-of-magnitude more computationally efficient than the LBL approach.
A. CO 4th-Positive
To assess the accuracy of the MBOB approach relative to the LBL approach for modeling
non-Boltzmann CO 4th-Positive radiation, Mars entry conditions similar to Pathfinder [15] were
chosen. These conditions consist of a velocity of 7 km/s for all cases, with free-stream densities
ranging from 5×10−5 to 5×10−4 kg/m3. Nose radii of 0.5 and 5.0 m are considered to model,
respectively, a smaller entry probe (such as Pathfinder) and a larger vehicle, such as a hypersonic
aerodynamic decelerator (HIAD) [16]. Figure 2 presents the percent error, relative to the LBL
approach, in the stagnation point radiative heating predicted by the MBOB and SRB models. To
accentuate the differences between the results of these approaches, only CO 4th-Positive is considered
in the radiative heating computation. As mentioned in the Introduction, the SRB approach is a
computationally efficient approach that is only appropriate for band systems with negligible self
absorption, meaning they are optically-thin. The greater than 5% error for the SRB approach
shown in this figure indicates that the CO 4th-Positive band is not optically-thin for these cases.
This non-optically-thin regime is required to make a meaningful assessment of the SRB or MBOB
approaches, because for optically-thin conditions, both approaches would agree essentially exactly
with the LBL approach. Thus, the SRB results are presented throughout the following discussion
to demonstrate that the conditions are not optically-thin, and to show that the MBOB approach
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predicts more accurate results than the SRB approach with similar computational efficiency (note
that the percent error under the assumption of an optically-thin radiative flux is greater than 100%
for all cases presented in Fig. 2, so that actually, the SRB approach captures the non-optically-thin
behavior reasonably well with its less than 20% error). In this regard, Figure 2 shows that the
MBOB results are within 1.5% of the LBL approach for all cases. Note that these results are for the
stagnation point. Peak differences for the MBOB approach of 3.5% are present near the shoulder
(for the SRB approach, the difference is up to 50%), where the radiative heating due to this band
system is 4 orders of magnitude lower than at the stagnation point. At these locations, the CO 4th-
Positive band contributes less than 20% of the total radiative flux (CO IR and CN Red dominate).
Therefore, this 3.5% error in the CO 4th-Positive contribution results in less than a 1% error in the
total radiative flux, which is within the desired accuracy.
To further investigate the ability of the MBOB approach to accurately reproduce the LBL
results, a 0.5 m radius case at 7 km/s and a density of 2×10−4 kg/m3 is considered in detail.
Figure 3 presents the stagnation point temperature profiles for this case. This figure shows a
noticeable region of thermal nonequilibrium between 2.2 and 2.6 cm, while the entire shock layer
is in chemical nonequilibrium. Values of φ range from 0.2 at the peak Tve location to roughly
0.5 throughout the rest of the layer, indicating that CO 4th-Positive is non-Boltzmann at these
conditions.
Wall-directed radiative flux profiles predicted by LBL, MBOB, and SRB approaches are com-
pared in Fig. 4. The LBL and MBOB results are nearly coincident, and are therefore difficult to
distinguish, whereas the SRB approach predicts a noticeably larger radiative flux resulting from the
post-shock nonequilibrium region. Figure 5 compares the stagnation point radiative flux spectrum
resulting from the three approaches. The thin lines represent the spectrum and the thick lines
represent the cumulative integrated value. For clarity, the LBL spectrum is averaged over 0.02
eV increments. Again, the LBL and MBOB cumulative results are nearly coincident. This figure
shows that, unlike the SRB approach, the MBOB approach is capable of accurately predicting the
Planck-limited region of the spectrum between 7 and 10 eV. Note that the step-like appearance of
the MBOB spectrum is the result of a single radiative flux value being computed for each of the
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Nbands (equal to the sum of the bin values in each band). However, if the band (k) and bin (i) of
each frequency point j are saved (as pband(j) = k and pbin(j) = i) when constructing the MBOB
model, then the spectrum may be reconstructed in detail through the following equation:
qhν,j = q˜pband(j),pbin(j)
Nfreq,band
Nfreq,bin
1
(νmax,pband(j) − νmin,pband(j))
(9)
where q˜pband(j),pbin(j) is the radiative flux resulting from the bin and band associated with this
spectral point j. Figure 6 compares the reconstructed MBOB spectrum with the LBL spectrum
over a limited spectral range (for clarity). This figure shows that the 50 bins of the MBOB model
are able to capture the details of the LBL spectrum. The frequency band shown here, which uses
the same 50 bins, extends 14 times the hν range shown in the figure. Within this spectral range
there are 10,000 spectral points for the LBL approach. Therefore, the radiative transfer equation
is evaluated 10,000 times for the LBL approach and only 50 times for the MBOB approach for this
frequency band. Nevertheless, the MBOB approach is able to capture the spectral details shown in
this figure.
B. CN Violet
To demonstrate the MBOB approach for non-Boltzmann CN Violet emission, Titan entry cases
at 7 km/s are considered, with free-stream densities ranging from 5×10−5 to 5×10−4 kg/m3, and
nose radii of 0.5 and 5.0 m. Figure 7 presents the percent error, relative to the LBL approach, in the
stagnation point radiative heating (due to CN Violet only) predicted by the MBOB and SRB models.
The MBOB approach is again seen to predict values within 1.5% of the LBL approach. Because
of its location in the spectrum, CN Violet is less optically-thick than CO 4th-Positive. Regardless,
the optically-thin radiative flux results in a 10% and 50% over-prediction for the 0.5 and 5 m cases,
respectively, which indicates substantial optical thickness for these cases. Figure 8 compares the
stagnation point spectrum resulting from the three approaches (the cumulative curve is multiplied
by 100 to place it on the same vertical scale) for the 5 m radius case at a density of 2×10−4 kg/m3.
Again, the cumulative curves for the LBL and MBOB results are nearly indistinguishable. The
cumulative curves indicate that the SRB approach is unable to accurately model the optically thick
peak near 3.2 eV. Note that values of φ range from 0.8 at the peak Tve location to roughly 0.95
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throughout the rest of the layer, indicating that CN Violet is non-Boltzmann at these conditions.
C. CO2 IR
The CO2 IR band system provides significant radiative heating to Mars entry vehicles at veloc-
ities below 5 km/s. This radiative heating component is especially important in afterbody regions,
where the radiative heating may be significantly larger than convective heating. To approximate
the larger radiating volume present for afterbody radiation, a 5 m radius sphere is considered exclu-
sively. Because this radiative component occurs at lower velocities, corresponding to lower altitudes
in a trajectory, slightly higher densities (1×10−4 to 1×10−3 kg/m3) than those considered in the
previous examples are considered. Figure 9 presents the resulting difference in the stagnation point
radiative heating. The MBOB approach is seen to agree within 0.5%, while even the SRB approach
agrees within 6%. Although not shown, the errors in assuming an optically-thin radiative flux range
from 30 to 180% for the 3 km/s cases and 10 to 40% for the 5 km/s cases. Again, this indicates
that these cases are not optically-thin, and therefore, they provide a meaningful assessment of the
MBOB approach. The excellent agreement seen here between the MBOB and LBL approaches is
consistent with the study of Potter et al. [17], which reported good agreement for CO2 IR using the
opacity binning approach of Wray et al. [10], which applies a single frequency band.
VI. Conclusions
The multiband opacity binning (MBOB) approach is extended to non-Boltzmann electronic
state populations. Application of the MBOB approach to a range of Mars and Titan entry cases
results in difference of less than 2% relative to the line-by-line (LBL) approach. The MBOB approach
is over 100 times more computationally efficient than the LBL approach, making it ideal for ray-
tracing and coupled radiation flowfield applications.
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Fig. 1: Opacity bin groupings for a single frequency band.
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